Abstract. This article proposes a method to optimize the design of a small fixed-voltage wind energy conversion system (WECS). The system is composed of commercially available elements which are: a small horizontal axe wind turbine, a onestage gearbox, a permanent magnet synchronous generator, a diode bridge and a battery bank. As there are no controlled devices on the system, the design must be carefully done to find the configuration that maximizes both, the system utilization and the system's output power. Using the mechanical and the electrical power equations, an optimization problem is proposed. This problem is aimed to find the optimal combination of the gearbox ratio and the battery voltage in order to extract the maximum amount of energy form the WECS. The mechanical power is modelled using a new proposed power coefficient function approximation. The constrained optimization problem is then solved by a MATHEMATICA© genetic algorithm based routine. Results are shown and discussed.
Nomenclature

P t Wind turbine mechanical power (W)
A
Introduction
Wind energy conversion systems (WECS) are currently the most competitive of the non conventional renewable energy technologies and the one which has the biggest growing rate [1] , [2] . There is no doubt about the fact that wind power is becoming one of the most important renewable sources of electrical power [1] . The amount of electricity produced around the world using both largescale wind farms and small wind energy conversion systems is constantly growing.
Isolated sites or locations where the grid is unavailable are one of the most common commercial applications for small stand-alone wind systems [3] , [4] .
It is well known that controlled variable-speed structures allow maximizing the amount of energy produced by the WECS [4] , [5] . Nevertheless, these systems are more complex, expensive, they require additional electric power conversion stages and specially designed control schemes.
When dealing with energy conversion systems that are going to be installed in isolated sites, especially those sites where access is difficult, system's simplicity helps reducing maintenance cost and increasing system's reliability.
In this article, the design of a simple non-controlled WECS with minimum components is optimized. It is assumed that the designed system will be used in standalone applications. From the system's model, equations for the wind turbine's mechanical power and the generator's electrical power are obtained. These expressions are dependant on the different system parameters and variables. The electrical power delivered to the load depends on the steady-state rotational speed of the system. In the fixed-voltage WECS, the rotational speed at each wind speed is dependent on some design parameters such as the gearbox ratio and the battery voltage. Thus, the objective is to maximize the output power of the proposed system. The problem is solved by finding the optimal combination of the gearbox transmission ratio and battery bank voltage.
The system's steady state model is described in section II. In the third section, the optimisation problem is explained and the proposed solution method is exposed.
Results are summarized and shown in section IV.
System Model
The system under study is shown in Fig. 1 . It is composed of a three-blade horizontal-axe wind turbine that takes the energy from a mass of moving air, a speedup gearbox to match the wind turbine (WT) and the generator rotor speeds, a permanent magnet synchronous machine (PMSM) for mechanical to electrical conversion, a diode bridge for AC to DC conversion and a battery bank for energy back-up and storage. It is supposed that the load consumes all the generated energy. 
A. Mechanical system
The mechanical power P t that a wind turbine can extract from a mass of moving air that flows through it is given by:
ρ is the air density, A is the swept area of the wind turbine (WT) rotor, v is the air speed (wind speed) and C p is the WT's power coefficient which depends on the tip speed ratio (λ = ΩR/v) [2] , [3] and depends on the WT characteristics (horizontal/vertical axe, number and shape of blades, etc.).
The nonlinear characteristic C p (λ) can be approximated either by a polynomial function [5] or by a rational function [6] . The proposed form in equation (2) has the advantage of showing explicitly some information like the maximal tip-speed ratio for positive power coefficient λ 0 and the approximate value of the optimal tip-speed ratio for maximal power coefficient C p , λ * ≈ (λ 0 -a). A simple least squares regression method is used to adjust the function coefficients G and a. 
To adapt the slow rotating speed of the WT to the generator's high rotor speed, a gearbox must be used. For simplicity reasons, equation (3) is used to model the mechanical transmission system. M represents the gearbox transmission ratio, Ω is the WT low-speed shaft and Ω G is the electric machine faster shaft speed.
The rotational speed of the generator shaft Ω G and the electric rotational speed ω (here after the generator frequency) are related by the machine's pair of poles number p (ω = p·Ω G ). The WT mechanical power is expressed in terms of the transmission ratio M, the electrical frequency ω and the wind speed v:
B. Electrical system
The generator is a three-phase permanent magnet synchronous machine that is modelled by a simple voltage source with series impedance. The equivalent circuit and the phasor diagram are shown in Fig. 2 [7] . The fundamental components of the voltage u s and the current i s are supposed to be in phase because the generator AC load is a simple silicon-diode bridge rectifier [8] . The machine voltage amplitude at fundamental frequency û s is proportional to the battery bank voltage U DC . The system batteries are lead-acid type because they are available even in extremely isolated places and they have easy and cheaper replacement than other batteries technologies.
From this model, a quadratic form for the generator's stator current equation is obtained [9] , [10] . The stator current amplitude at fundamental frequency î S can be calculated as follows: 
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The amplitude of the electromotive force (EMF) e is, in sinusoidal steady state, dependant on the flux induced by the magnets Ψ r and the frequency (6) . The permanent magnets behave as a constant field excitation [7] .
The generator impedance depends on the frequency as follows:
. Replacing this in (5), the machine's electrical power can be expressed in terms of the frequency ω and the voltage amplitude û S :
Optimization Problem
The equations of the system's steady-state power (4) and (7) are the analytical expressions that allow the formulation of the main objective. The system equilibrium point is found at the crossing point between these two equations at the operating frequency (or wind speed). Assuming that the system losses are negligible, the output power is known by calculating the equilibrium points.
The coordinates of the crossing point depends on the value of the gearbox ratio M and the battery voltage, which is proportional to the generator voltage û S . Thus, the system's output power is also dependant on these two variables.
The proposed approach consists of finding the value of M and ω which maximizes the mechanical output power for a given wind speed and battery voltage. This is done knowing that both mechanical and electrical power must be equal.
The search of the solution is can't be done without some difficulties. It is necessary to use a special method because it can be found that:
1) Equation reduction
is not possible. For both equations (4) and (7), it is not possible to extract the only independent variable that is common to both equations ω. Thus, the variable replacement to reduce the system to only one equation cannot be done.
2) Parameterization with the only independent notcontrollable variable (v) is not realizable.
There are infinite pairs (M, ω) that maximize P t for each wind speed value. It can be shown that only one wind turbine rotor speed value Ω * does the maximization for a given v value; but as M and ω are both variable, the combination of both is represented by another equation (8) .
( )
Therefore, the unique solution must be found by fixing (parameterize) other variable. Intrinsically, the proposed power structure cannot work in a permanent value for the rotor speed (frequency); so, the gearbox ratio or the battery voltage must be parameterized. As batteries are modular and can be easily associated for series and/or parallel electrical operation, it is the battery bank voltage û S that is chosen for the parameterization. With this method, a set of mono-variable optimization problems are solved in terms of û S , for each selected wind speed.
A. Constraints
One-stage parallel gearbox systems have transmission ratios up to 1:5 [3] or 1:6 [2] . Equivalent planetary gearboxes have ratios up to 1:12, but they are more expensive; so, for small WT schemes, the parallel solution is regularly preferred. Higher transmission ratios are obtained adding further gear stages. There is also a minimum value for M, imposed by the turbine and the generator rotation speed rated values (Ω Gen,N /Ω N ). This way, the WT will not operate above its rated speed value even at generator's rated speed.
The generator rated values impose the upper limits of voltage, current and frequency. It is assumed that these restrictions are sufficient to keep the power generation lower or equal than the rated power. It is supposed that the WT can handle all the required mechanical power for low wind speeds (v < v N ). Above that speed, the aerodynamic stall of the WT limits the mechanical power without further control. For maximal wind speed (v cut-off ) the small WT furls automatically to protect itself of destructive high wind speeds.
The equation that models the generator's power (7) is valid only if the generator EMF is higher than a voltage threshold imposed by the battery bank voltage. This condition imposes a minimal rotational speed at which the PMSM begins to deliver power to the load. Thus, the battery bank voltage indirectly imposes the minimal wind speed (cut-in speed vcut-in).
The optimisation problem is defined as follows:
Results
It is important to point out that the independent variables in eq. (4) are the gearbox ratio M, the electric frequency ω and the wind speed v while in (7) are the battery bank voltage û S and the frequency ω. Thus, the proposed procedure is the following:
1) Optimal mechanical power. For a given wind speed (v) set, the optimal P t and Ω values can be found by a MATHEMATICA© geneticalgorithm based routine 2) Battery voltage parameterization. A set of battery group voltages û S is chosen and used for each v value.
3) Solving for ω. With the optimal P t value, P m is solved to find the corresponding optimal frequency ω for each û S value.
4) Gearbox ratio calculation.
Using (8) and the Ω value, the gearbox ratio value M is found.
The procedure points 3 and 4 are repeated for all the selected wind speed values.
In Table I the optimisation procedure results are summarized. Figure 3 shows the optimal power generation values and the corresponding rotor speed vs. the wind speed.
It can be noticed that for a wind speed of 9 m/s, the WT at optimal conditions delivers more than the generator's rated power. Superior wind speeds presents even higher maximal power values, so the analysis for optimal power is stopped.
The optimal relation between the WT rotor speed and the system output power is shown in fig 4 . This is easily obtained by using the optimal λ value for each v value. The optimal gearbox ratio is found using (8); figure 6 shows the corresponding optimal M values. From fig. 5 it can be observed that, for low winds, the optimal frequency increases almost linearly with the battery voltage. The curve has a decreasing behaviour for wind speeds between 6 and 9 m/s at low battery voltages. This is explained by the nonlinear evolution of the electric power with the battery voltage. In higher voltages, the increasing linear characteristic is found again.
The optimal M curves in fig 6 are Furthermore, for each v value, it can be shown that almost all û S values have the same optimal power production. This is correct if we assume that we have the possibility of finding the right M value that makes the system rotate at the optimal speed. Only a few of these M values are discarded (higher than 12) when their value is too high and cannot be obtained without expensive multistage gearboxes.
Automatic gearboxes with multiple transmission ratios are not cost effective for the proposed low power generation system. Battery voltage variation implies the use of switches or another conversion stage that also increases the system cost. Therefore, it is necessary to use further criterion to choose a single (M, û S ) pair. One method is to maximize the WECS produced energy in the installation site. However, this can be done only if the wind conditions of the site, like the wind probability distribution function, are known. If this information or the site where the wind generation system will be placed are unknown, other selection method is to minimize the distance between the ideal P(Ω) curve (Fig. 4) and the generator power curve P m (û S , M, ω). A minimum meansquare error method is suitable to fulfil this last criterion.
Conclusion
A method to optimize the design of an isolated small wind energy conversion system has been presented and studied. The objective to maximize the total energy produced by a simple wind energy conversion system without controlled components has been achieved. The method is based on the model of the wind turbine's mechanical power and the model of the electrical power produced by the PM generator. The mechanical power equation was obtained by modelling the wind turbine power coefficient with a simple rational function. Results were shown and discussed and a proposal was set to fix the battery voltage level and the gearbox ratio.
